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We give a suﬃcient condition for the existence of positive radial ground states of the time-
independent Schrödinger system⎧⎪⎪⎪⎨
⎪⎪⎪⎩
−u1 + λu1 = μ1u31 + β12u22u1 + β13u23u1, in Rn,
−u2 + λu2 = β12u21u2 + μ2u32 + β23u23u2, in Rn,
−u3 + λu3 = β13u21u3 + β23u22u3 + μ3u33, in Rn,
u1(x) → 0, u2(x) → 0, u3(x) → 0, as |x| → ∞,
where n = 1,2,3, λ > 0, μ j > 0 and βi j > 0 (i < j) for i, j = 1,2,3. And in some special
cases, our conditions are also necessary.
© 2011 Elsevier Inc. All rights reserved.
In this paper, we are concerned with solitary wave solutions of time-dependent nonlinear Schrödinger equations given
by ⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
−i ∂
∂t
Φ1 = Φ1 + μ1|Φ1|2Φ1 + β12|Φ2|2Φ1 + β13|Φ3|2Φ1, in Rn,
−i ∂
∂t
Φ2 = Φ2 + β21|Φ1|2Φ2 + μ2|Φ2|2Φ2 + β23|Φ3|2Φ2, in Rn,
−i ∂
∂t
Φ2 = Φ3 + β31|Φ1|2Φ3 + β32|Φ2|2Φ3 + μ3|Φ3|2Φ3, in Rn,
Φ1(x, t) → 0, Φ2(x, t) → 0, Φ3(x, t) → 0 as |x| → ∞,
(1)
where n = 1,2,3, μ j > 0, βi j = β ji > 0 for i = j and i, j = 1,2,3.
The model (1) has applications in many physical problems, especially in nonlinear optics. An application of (1) comes
from [1,16], the solution Φ j denotes the jth component of the beam in Kerr-like photorefractive media. The constant μ j is
for self-focusing in the jth component of the beam. The coupling constant βi j is the interaction between the ith and the
jth component of the beam. The interaction is attractive if βi j > 0, and repulsive if βi j < 0. For more references we refer
the reader to [1,4,6–11].
A solitary wave of (1) is a solution with Φ j(x, t) = eiλ j tu j(x), j = 1,2,3. This ansatz leads to the elliptic system⎧⎪⎪⎪⎨
⎪⎪⎪⎩
−u1 + λ1u1 = μ1u31 + β12u22u1 + β13u23u1, in Rn,
−u2 + λ2u2 = β12u21u2 + μ2u32 + β23u23u2, in Rn,
−u3 + λ3u3 = β13u21u3 + β23u22u3 + μ3u33, in Rn,
u1(x) → 0, u2(x) → 0, u3(x) → 0, as |x| → ∞.
(2)
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and bound state nontrivial solutions for systems like (2) (see [2,3,13–15,17] for instance). Here and below by a nontrivial
solution of (2), we mean a solution u = (u1,u2,u3) with each component u j being nonzero. It is an important feature of
the study for these type of systems that one needs to distinguish nontrivial solutions from semitrivial solutions (solutions
with one or two components being zero). In addition, a solution u = (u1,u2,u3) of (2) is called a positive solution if u1 > 0,
u2 > 0 and u3 > 0, and a semipositive solution if u1  0, u2  0 and u3  0 and if at least one of them is not zero. A solution
is said to be a ground state if it has the least energy among all semitrivial and nontrivial solutions.
The energy functional corresponding to (2) is deﬁned by
E(u) = 1
2
∫
Rn
(|∇u1|2 + λ1u21 + |∇u2|2 + λ2u22 + |∇u3|2 + λ3u23)
− 1
4
∫
Rn
(
μ1u
4
1 + μ2u42 + μ3u43 + 2β12u21u22 + 2β13u21u23 + 2β23u22u23
)
for u = (u1,u2,u3) ∈ (H1(Rn))3. Hence, solutions of (2) correspond to critical points of it.
Let H1r (R
n) consist of all radial functions in H1(Rn). Denote X = (H1(Rn))3 and Xr = (H1r (Rn))3. It was proved in [3] that
(2) has a semipositive radial ground state which is of mountain pass type and has Morse index 1 when considered as the
critical point of E on X and on Xr . But it seems to be an open problem that on what conditions (2) has a positive ground
state. There is a partial answer from the recent work [15] by Liu and Wang. In [15], they provide a suﬃcient condition for
the existence of a nontrivial ground state solution for a general N-system by comparing the energies.
Our paper concerns only about 3-system like (2). We also give a suﬃcient condition for (2) by computing the Morse
indices of nontrivial and semitrivial solutions and it seems to be better than that of [15] in a special case. Nevertheless, we
do not give the comparison in general case as the assumptions in [15] involve heavy notations and are described with quite
complex inequalities, which are not easy to verify.
The argument of this paper is motivated by those in [3,5]. In [5], by comparing the Morse indices of nontrivial solutions
with semitrivial solutions, the authors obtained the existence of nontrivial ground state for 2-system like⎧⎪⎨
⎪⎩
−u1 + λ1u1 = μ1u31 + β12u22u1, in Rn,
−u2 + λ2u2 = β12u21u2 + μ2u32, in Rn,
u1(x) → 0, u2(x) → 0, as |x| → ∞.
(3)
To search for all the semitrivial solutions of (3), we need to know the uniqueness of positive solutions of
−u j + λ ju j = μ ju3j in Rn.
However, this has been proved in [12]. We denote them by w j(x) =
√
λ j
μ j
w(
√
λ j x). Similarly, to search for all the semitrivial
solutions of (2), we also need to know the uniqueness of positive solutions of (3). And the result was obtained in [18]
recently.
And now we state our results in the following:
Theorem 1. Assume λ1 = λ2 = λ3 = λ. If
βi j > max{μi,μ j} and β2i j − μiμ j < βik(βi j − μ j) + β jk(βi j − μi), (4)
for i, j,k = 1,2,3, i < j and i = k, j = k, then (2) has a nontrivial radial ground state.
Remark 2. (a) If β12 = β13 = β23 = β , then (4) reduces to β > max{μ1,μ2,μ3}. And it seems to be better than the results
of [15], which need β > 6max{μ1,μ2,μ3} (see [Corollary 2.3] therein).
(b) The argument provided here may be generalized to systems consisting of N equations, providing we know the
uniqueness and concrete forms of the positive solutions of N − 1 equations.
(c) It seems that (4) is only a suﬃcient condition for (2) to have a nontrivial radial ground state when λ1 = λ2 = λ3 = λ.
And we do not know whether it is also necessary. But when β12 = β13 = β23, to some extent, it seems to be necessary. The
reason is that we can follow the idea of [3] to show the following theorems.
Theorem 3. Let n = 1, λ be as in Theorem 1 and β12 = β13 = β23 = β . Then (2) has a positive ground state if and only if β >
max{μ1,μ2,μ3} or β = μ1 = μ2 = μ3 .
And in the higher-dimensional case, we have the following result.
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positive ground state if and only if β > max{μ1,μ2,μ3}.
We ﬁrst give the proofs of Theorems 3 and 4 in the following:
Proof of Theorem 3. Without loss of generality we may assume μ1 = min{μ1,μ2,μ3}, μ2 =max{μ1,μ2,μ3}.
If β > μ2, then (2) has a positive ground state according to Theorem 1.
For 0  β < μ1, we claim that any positive solution u = (u1,u2,u3) has Morse index at least 2. Let φ = (t1u1, t2u2,
t3u3) ∈ X . A direct computation shows
E ′′(u)[ φ, φ] = −2μ1t21
∫
Rn
u41 − 2μ2t22
∫
Rn
u42 − 2μ3t23
∫
Rn
u43 − 4βt1t2
∫
Rn
u21u
2
2 − 4βt1t3
∫
Rn
u21u
2
3 − 4βt2t3
∫
Rn
u22u
2
3.
Using β < μ1, we see the above is negative for all (t1, t2,0) = (0,0,0). This shows that the ground state must have one
component zero by Theorem 1.1 of [3].
Finally, if μ1  β μ2, we assume there is a positive solution u = (u1,u2,u3) of system (2). Multiplying the ﬁrst by u2
and the second equation by u1 and then integrating by parts on Rn and subtracting one from the other, we obtain
0 =
∫
Rn
(μ1 − β)u31u2 +
∫
Rn
(β − μ2)u32u1.
Therefore, (2) admits no positive solution unless β = μ1 = μ2.
If β = μ1 = μ2, then all the semipositive solutions that are not positive are U∗1 = (w1,0,0), U∗2 = (0,w1,0),
U∗3 = (0,0,w1), U∗4 = (w1 cos θ1,w1 sin θ1,0), U∗5 = (w1 cos θ2,0,w1 sin θ2) and U∗6 = (0,w1 cos θ3,w1 sin θ3), where
θ1, θ2, θ3 ∈ (0, π2 ), by using Theorem 1.2 of [18]. Note that U∗1,U∗2, . . . ,U∗6 embed in a family of solutions u(t1, t2, t3) =
(t1w1, t2w1, t3w1), t21 + t22 + t23 = 1, on which the energy is a constant. We claim this family of solutions are ground state
solutions. Fix μ1 = μ2 = μ, let β be a parameter and denote the responding functional by Eβ . From the above arguments
we know U∗1,U∗2, . . . ,U∗6 are the only ground state solutions for β < μ. Thus the least energy for Eμ is the same as for Eβ
with β < μ because the least energy for Eβ is continuous in β . The least energy of Eμ is achieved at U∗1,U∗2, . . . ,U∗6 , hence
at (t1w1, t2w1, t3w1) with t21 + t22 + t23 = 1. Thus for t1, t2, t3 > 0 these must be positive ground states. 
Proof of Theorem 4. The procedure is similar to that of Theorem 3. 
Proof of Theorem 1. We set U1 = (w1,0,0), U2 = (0,w2,0), U3 = (0,0,w3). Then they are the only three semipositive
radial solutions of (2) with two components being zero.
According to [18], (ui(x),u j(x)) with ui and u j deﬁned by
ui =
√
λ(βi j − μ j)
β2i j − μiμ j
w(
√
λx) and u j =
√
λ(βi j − μi)
β2i j − μiμ j
w(
√
λx)
is the unique positive radial solution of⎧⎪⎨
⎪⎩
−ui + λui = μiu3i + βi ju2j ui, in Rn,
−u j + λu j = βi ju2i u j + μ ju3j , in Rn,
ui(x) → 0, u j(x) → 0, as |x| → ∞,
if βi j > max{μi,μ j}. Therefore, we denote
U4 = (u0, v0,0) =
(√
λ(β12 − μ2)
β212 − μ1μ2
w(
√
λx),
√
λ(β12 − μ1)
β212 − μ1μ2
w(
√
λx),0
)
,
U5 =
(
u∗0,0,w0
)= (
√
λ(β13 − μ3)
β213 − μ1μ3
w(
√
λx),0,
√
λ(β13 − μ1)
β213 − μ1μ3
w(
√
λx)
)
and
U6 =
(
0, v∗0,w∗0
)= (0,
√
λ(β23 − μ3)
β223 − μ2μ3
w(
√
λx),
√
λ(β23 − μ2)
β223 − μ2μ3
w(
√
λx)
)
.
Then U4,U5 and U6 are the only three semipositive radial solutions of (2) with only one component being zero.
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prove that this ground state solution is positive, it suﬃces to prove that U1, . . . ,U6 have Morse indices at least 2 in the
conditions we give. And we now estimate the Morse indices of them.
(1) For any (φ1, φ2, φ3) ∈ (H1(Rn))3, we have
E ′′(U1)
[
(φ1, φ2, φ3), (φ1, φ2, φ3)
]
=
∫
Rn
(|∇φ1|2 + λφ21 + |∇φ2|2 + λφ22 + ∣∣∇φ23 ∣∣+ λφ23)−
∫
Rn
(
3μ1w
2
1φ
2
1 + β12w21φ22 + β13w21φ23
)
.
Thus, for any t1, t2, t3 ∈R,
E ′′(U1)
[
(t1w1, t2w1, t3w1), (t1w1, t2w1, t3w1)
]
= t21
∫
Rn
(|∇w1|2 + λw21 − 3μ1w41)+ t22
∫
Rn
(|∇w1|2 + λw21 − β12w41)+ t23
∫
Rn
(|∇w1|2 + λw21 − β13w41)
= t21
∫
Rn
(−2μ1w41)+ t22
∫
Rn
(μ1 − β12)w41 + t23
∫
Rn
(μ1 − β13)w41.
We see that if β12 > μ1, then, for any (t1, t2,0) ∈R3 \ {(0,0,0)}
E ′′(U1)
[
(t1w1, t2w1,0), (t1w1, t2w1,0)
]
< 0.
And if β13 > μ1, then, for any (t1,0, t3) ∈R3 \ {(0,0,0)}
E ′′(U1)
[
(t1w1,0, t3w1), (t1w1,0, t3w1)
]
< 0.
Therefore, the Morse index of U1 is at least 2 if max {β12, β13} > μ1. Similarly, the Morse indices of U2,U3 are also at least
2 if max {β12, β23} > μ2 and max {β13, β23} > μ3, respectively.
(2) For any (φ1, φ2, φ3) ∈ (H1(Rn))3, we have
E ′′(U4)
[
(φ1, φ2, φ3), (φ1, φ2, φ3)
]
=
∫
Rn
(|∇φ1|2 + λφ21 + |∇φ2|2 + λφ22 + ∣∣∇φ23 ∣∣+ λφ23)−
∫
Rn
(
3μ1u
2
0φ
2
1 + 3μ2v20φ22 + 4β12u0v0φ1φ2
)
−
∫
Rn
(
β12u
2
0φ
2
2 + β12v20φ21 + β13u20φ23 + β23v20φ23
)
.
Choosing (φ1, φ2, φ3) = (t1w1, t2w1, t3w1), one then obtains
E ′′(U4)
[
(t1w1, t2w1, t3w1), (t1w1, t2w1, t3w1)
]
= t21
∫
Rn
(|∇w1|2 + λw21 − 3μ1u20w21 − β12v20w21)+ t22
∫
Rn
(|∇w1|2 + λw21 − 3μ2v20w21 − β12u20w21)
+ t23
∫
Rn
(|∇w1|2 + λw21 − β13u20w21 − β23v20w21)− 4β12t1t2
∫
Rn
u0v0w
2
1
= t21
[
λ2
μ1
− 3λ
2(β12 − μ2)
β212 − μ1μ2
− λ
2β12(β12 − μ1)
μ1(β
2
12 − μ1μ2)
]∫
Rn
w4(
√
λx)
+ t22
[
λ2
μ1
− 3 λ
2μ2(β12 − μ1)
μ1(β
2
12 − μ1μ2)
− λ
2β12(β12 − μ2)
μ1(β
2
12 − μ1μ2)
]∫
Rn
w4(
√
λx)
+ t23
[
λ2
μ1
− λ
2β13(β12 − μ2)
μ1(β
2
12 − μ1μ2)
− λ
2β23(β12 − μ1)
μ1(β
2
12 − μ1μ2)
]∫
Rn
w4(
√
λx)
− 4β12t1t2
[
λ2
√
(β12 − μ1)(β12 − μ2)
μ1(β
2
12 − μ1μ2)
]∫
Rn
w4(
√
λx).
Therefore, if
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2
12 − μ1μ2 < β13(β12 − μ2) + β23(β12 − μ1),
then, for any (t1,0, t3) ∈R3 \ (0,0,0),
E ′′(U4)
[
(t1w1,0, t3w1), (t1w1,0, t3w1)
]
< 0.
And if
β12 > μ1 and β
2
12 − μ1μ2 < β13(β12 − μ2) + β23(β12 − μ1),
then, for any (0, t2, t3) ∈R3 \ (0,0,0),
E ′′(U4)
[
(0, t2w1, t3w1), (0, t2w1, t3w1)
]
< 0.
In conclusion, the Morse index of U4 is at least 2 if
β212 > μ1μ2 and β
2
12 − μ1μ2 < β13(β12 − μ2) + β23(β12 − μ1).
Similarly, if
β213 > μ1μ3 and β
2
13 − μ1μ3 < β12(β13 − μ3) + β23(β13 − μ1)
and
β223 > μ2μ3 and β
2
23 − μ2μ3 < β13(β23 − μ2) + β12(β23 − μ3),
we have the conclusion that the Morse indices of U5,U6 are at least 2. Since U1, . . . ,U6 are the only six semipositive radial
solutions of (2) with only one or two components being zero and since the semipositive radial ground state obtained in [3]
has Morse index 1, the semipositive radial ground state is positive. The proof is complete. 
Remark 5. (a) In estimating the lower bound of the Morse index of E at U1, we have used the three-dimensional subspace
spanned by (w1,0,0), (0,w1,0) and (0,0,w1) as a test subspace, other than subspace which has components be consti-
tuted by three of 0,w1,w2 and w3. The reason is that the subspace span(w1,0,0), (0,w1,0), (0,0,w1) yields the most
transparent estimate among all the subspaces. The same remark applies to the argument of estimating the lower bound of
the Morse indices of E at U2, . . . ,U6.
(b) If μ1 = μ2, β12 ∈ [min{μ1,μ2},max{μ1,μ2}] and u = (u1,u2,u3) is a semipositive solutions of system (2), then by
using Theorem 1.2 of [3], we know that u = (0,0,0) when u3 = 0. Therefore, in the process of prooﬁng of Theorem 1, we
need not to estimate the Morse index of U4. The similar remarks apply to the cases of μ1 = μ3 or μ2 = μ3. So we have
the following theorem.
Theorem 6. Assume μi < μ j , (2) has a positive ground state if μi  βi j μ j ,
βik > max{μi,μk}, β2ik − μiμk < βi j(βik − μk) + β jk(βik − μi),
and
β jk > max{μ j,μk}, β2jk − μ jμk < βi j(β jk − μk) + βik(β jk − μ j),
where i, j,k = 1,2 or 3 and i, j = k.
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